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ABSTRACT 

Three procedures, alpha, image, and uniqueness, 
rescaling, were applied to a joint occurrence probability matrix. 

That matrix was the basis of a well-known latent class structure. The 
values of the recurring subscript elements were varied us follows; 
Case 1 - The known elements were input; Case 2 - The upper bounds to 
the recurring subscript elements were input; Case 3 - No input 
parameters, thus incorporating analogs of the strong and weak Lover 
bounds* The uniqueness rescaling and image methods took out the 
correct number of dimensions in Case 3. Ortnogonal rotation failed to 
reproduce the known latent structure probability parameters. L»ast 
squares transformation of the image pattern, however, produced close 
approximations of the original matrix and the occurrence probability 
matrix. The results are reported in a comprehensive set of tabJes. 
(Author/AE) 
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it was the purpose of this study to investigate some empirics . .. ; o. - 
ships between factor analysis and latent class structure, A joint occurrence 
probability matrix P Q was factored using various procedures to determine :ne 
feasability of reproducing a known joint item probability matrix L 0 . 

Green (1951) demonstrated some matrix equations for the poin.. d i s : r 1 su . j on 

of latent class structure. The assumption basic to the procedure is tbu t d] • .e ■ 

rel a t i onsh i ps may be entirely explained by some underlying distribution-- do.*, s 

independent for each latent class and item i ntercor rel at ions due to varyl.v. 

latent item probabl 1 i t ies . A solution may be realized by factoring two Joint 

occurrence proportion matrices Pjj and Those matrices contain demur: s 

with recurring subscripts (Pj| and P--j) which are analogs to conr.unaltty vs; I mates 

in the factor analytic sense. The limiting values of those elements nave 

2 

shown to be Pj N Pjj P • for the matrix Pjj. 

Data Source ar.d Methods 

The matrix P 0 which was used by Green to illustrate a three class, d-r.t 
item example was used as the data source for this study. The matrix is i 

the June, 1951 issue of PSYCHOMETR I KA. It was’ defined as P q =■ (r r l) >, [r r 1; 
a symmetric matrix, with elements Pjj*. P Q . = Pj, and P Q0 « l, where r ec,L a s the 
number of items, and i equals the item subscripts from o to r. 

The factoring methods used are summarized as follows. 

(i) Alpha - Factors a matrix reduced with uniqueness anc. rescale -dr, 



3crt F. Green, Jr., "A General Solution for the Latent Class Xocil u,' .atone 
Struc;jre Analysis,* 1 PSYCHOKETR 1 KA, 16 (June, 1950, 151*165. 
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communal i ty estimates. The method is iterative and produces focJ. i wit. , 
mum general t zao i i I ty in the kronbach‘s alpha sense. Unless specific, t..e . u* 
o 4 ' factors taken was equal to the number of eigenvalues of q.*« .u * 

than one--the weak lowei bound. Communa I i ty was initially estimated wi tn 
multiple cor rel at Ioijs unless other parameters were input, i .e. , recurring 
elements. 

(2) Uniqueness Rescaling - Factors the correlation matrix after It i a-., 
been rescaled with uniqueness estimates. Squared multiple correlations sub- 
tracted from one are used to estimate uniqueness unless communallty parade * cr.. 
are input. If not specified, the number of factors taken was Gqua i to me nui .ocr 
of eigenvalues of U~^RU"^ greater than one~-the strong lower bound. 

(3) Image - Factors the image covariance matrix and, unless specified 
otherwise, the number of image components taken was equal to the number of eigen- 
values of S"^RS”^ greater than one--the strong lower bojnd. 

Throe types of recurring subscript elements were used witr. u*.e 
sol u t i ons ; 

Case One - The known elements (Pjj) Indicated by Green were Input. ;n 
practical situations those elements are unknown. 

C ase Two - ‘she p;*s, the upper bound to the p;**s, were ir.Au. 

Casu Three - No parameters were specified so that the reciprocals o ; 
diagonal elements of the inverse of P Q with I ’s in the diagonal wi r * i r^r -jr. tec . 
In a correlation matrix those elements subtracted from one yield scuarcc i. , i.Ipie 
cor ral at ions. In this case, however, those elements were not squared n\.l tipio 
multiple correlations but analogs to them, because the joint occurrence prc.ijbi 1 i ty 
matrix P 0 was not a correlation matrix. 

The raw pattern matrices were orthogonal ly rotated according to the nor, i 

o 

ERJC 



3 



' var i max cr i ter 3 on . 



Rcsul ts 

Case: On e: The alpha procedure extracted two factors, while :.ne 

ness rescaling and Image procedures took out six. Neither the raw ..wr r 
pattern matrices yielded close approxi mat ions to the know latent eUvi m: 
Those procedures took out an incorrect number of factors. 

Case Two : As previously, the alpha procedure extracted two factors 

The uniqueness rescaKng method, however, went to nine factors, anc hrapu 
to nine components. Neither the raw nor rotated solutions proved to be ru 
able approximations. These results seem to suggest that the P;'s eend to 
estimates 10 the recurring subscript elements for methods which feature so 
of uniqueness rescaling. 

Case Three : The alpha procedure took out two factors, while .ne i 

and uniqueness rescaling both took out three. Once again, the rotated id 
proved to oe poor approximations as did the raw pattern matrices. Vne Tin 
methods did, however, extract the correct number of factors--it was <no. 
that the solution involved three latent classes. The fact that ti.c rotate 
utions did not prove satisfactory indicated that the requirement. TV' - 7 1 V 
v.as too severe and that a t ransformation other than orthogonal rotation wa 
Clearly a transforma t Ion was called for since the raw solutions indicated 
existence of negative proportions. The following procedure was usu.i; 

(1) Want A transformed to fit L c . 

(2) Define T = (A 1 A) ^A'L Q 

AT => A(A'A) _I A'L 0 




(3) Known that AT is a least squares approximation of l D . 



That transforms t i on produced a reasonably good approximation. 



Image Solution 





Raw Image 


Pattern 


(Cose Three) 




-.8^0 


.007 


-.003 






-.623 


-.046 


.015 






-.703 


.004 


-.020 






-*436 


-.095 


-.015 






-.333 


.099 


.004 






- .61 4 


-.005 


.020 






-.263 


-.035 


.013 






-.283 


-.034 


.OK 






-.561 


.883 


.007 






Matrix L 0 


.1 .6 .5 








1 .00 


.2 .0 


.0 .1 .3 




1 .00 


.5 .7 .0 


.7 .7 


.0 .2 .9 




1 .00 


.5 .6 .7 


.2 .8 


.5 .4 .5 




(A ' A) " 1 










.375 


-.178 


2.334 






-.3/8 


27.634 


-2.253 






2.334 


-2.253 


642.338 






(A 1 A) " 1 A 1 










-.323 


-.190 -.313 


-.181 


-.133 -.182 


-.053 


.349 


-1.194 .281 


-2.513 


2.730 -.073 


■2.331 


-.390 


8.280 -14.510 — 


10.438 


1.569 11.424 


7.923 


{A'A)- , A‘L 0 - T 










.717 


-1.061 


- i . 206 






.322 


3.806 


-2.102 






-15.202 


3.040 


1 .850 







AT = l 0 



.651 


.204 


.814 


.510 


.210 


.135 


-.036 


.040 


.910 


.531 


.707 


.056 


.743 


.694 


.004 


.202 


.993 


.387 


.809 


.698 


.201 


.789 


.521 


.432 
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$ Umcueness Esc i nates 



Va r i a bl e 




1-S 2 


Green 1 & 


1 


.25) 


.749 


1.000 


2 


.595 


.405 


.482 


3 


.465 


• 535 


.539 


4 


.78) 


.219 


.295 


5 


.867 


.123 


.175 


6 


.61 1 


.389 


.467 


7 


.921 


.089 


.125 


3 


.917 


.083 


.094 


3 


.655 


.455 


.386 


Date mi naat 


.067549 






£ i genva 1 ucs 


8.053000 








1.240000 

1.053000 
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Table 1 





G reen 1 s 


Or i q i ral 


Joi nt 


Occurrence 


Probab 1 


’ H Ly Matrix (P n ; 




: .ooo 


. 620 - 


.730 


.450 


.350 


.610 


.250 


O 

CO 


.’.80 


.620 


.482 


.477 


.325 


.199 


.465 


.225 


.2)2 


.366 


.730 


.477 


.539 


.3/0 


.251 


.467 


.200 


.214 


.425 


.450 


.325 


.340 


.295 


.090 


.280 


.175 


.150 


.205 


.350 


.19', 


.251 


.090 


.175 


.227 


.050 


.036 


.251 


.610 


.465 


.467 


.280 


.227 


.467 


.200 


. 202 


■ 389 


.250 


.225 


.200 


.175 


.050 


.200 


.125 


.100 


.25 


.2S0 


.212 


.214 


.150 


.086 


.202 


.100 


.034 


. ,60 


.580 


. 366 


.425 


.205 


.251 


.389 


.125 


.160 


.336 



Table 2 

Foci o r Ha r i x Alpha Procedure Communal i ti es ( C ase Onc l 



I 



-.958 


-.132 


-.630 


.092 


-.724 


-.056 


-.464 


.219 


-.111 


-.268 


-.660 


-.031 


-.298 


.178 


-.303 


.050 


-.569 


-.250 



Table 3 

Rotated (Va.rimax) Factor Matrix Alpha Procedure 
Corr.munai i ties (Case One) 



I 



.738 
.386 
.526 
. 1 48 
.418 
.464 
.067 
.165 
.567 



I I 



.624 

.568 

.501 

.491 

.064 

.470 

.341 

.259 

.256 
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Table 4 



Raw Factor Matrix Uniqueness Rescaling Procedure 
Com mu nal i t ■ es (Ca s e One) 



] 


1 i 


1 1 1 


IV 


V 


VI 


.935 


.003 


-.004 


-.000 


.000 


.000 


.626 


-.2S0 


.067 


-.000 


.002 


.017 


.734 


-.057 


.006 


-.002 


.025 


.001 


. : -53 


* So 


-.234 


-.005 


-.039 


.003 


.352 


. ;2o 


.137 


-.054 


-.023 


.009 


.616 


-.23) 


.192 


-.007 


.003 


.023 


. 253 


-.233 


-.053 


.000 


.000 


.011 


. 2S2 


-.118 


.005 


-.000 


.002 


.006 


.533 


.048 


.213 


.040 


-.025 


.004 
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Rotated 


Factor (V. 


arimax) Uniqueness Rescol 


i ncj Procedure 






Commu nal I ties 


(Case One) 




1 


1 i 


; i 1 


IV 


V 


VI 


.in 


.528 


.423 


.060 


.023 


.004 


. 3S5 


.56s 


.091 


.020 


.020 


.004 


.513 


.44) 


.278 


.064 


.017 


.009 


.125 


.433 


• 304 


• 015 


-.002 


.001 


.417 


.033 


.035 


-.007 


-.030 


.004 


.470 


.436 


.012 


.013 


.021 


.047 


.034 


.341 


.054 


.004 


.004 


.001 


. 164 


.249 


.067 


.01 1 


.008 


. o0) 


.563 


. 244 


.093 


.009 


.071 


.005 
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Ra\> Ccr.oonent Matrix 


Imace Procedure Communal 


ities (Casr O.v.-J 




1 l 


1 1 1 


IV 


V 


VI 


.550 


.005 


-.002 


-.000 


.000 


.000 


.623 


-.153 


.032 


-.000 


.000 


.001 


.731 


-.031 


.003 


-.000 


.002 


.000 


.45'; 


-.103 


-.110 


-.000 


-.003 


.000 


.350 


.066 


.093 


- ,004 


-.002 


.000 


.6)3 


-.127 


.090 


-.001 


.000 


.00) 


.252 


-.131 


-.025 


.000 


.000 


.000 


.281 


-.065 


.002 


-.000 


.000 


.000 


.581 


.026 


. 100 


.003 


-.002 


.000 



o 




Table 7 



Rotated (Varimax) Component Matrix Image Procedure 



1 


i i 


1 E 1 


IV 


V 


VI 


.751 


.622 


.173 


.003 


.004 


-.000 


.408 


.438 


-.000 


.002 


.001 


.oco 


.53$ 


. : S3 


.106 


.002 


.001 


.000 


. 240 


.335 


.116 


-.000 


.001 


-.000 


.337 


. 1 46 


.014 


-.002 


.000 


-.000 


.442 


.451 


-.036 


.002 


.001 


.002 


.i 16 


.261 


-.001 


.coo 


.000 


-.000 


.182 


.223 


.014 


.001 


.001 


.000 


.496 


.318 


.027 


.006 


.000 


.000 








Table 8 








Raw Matrix A1 pha 


Procedure Communal i 


ties (Case Two) 


; j j 






-.957 






.129 






-.680 






.091 






-.724 




- 


.055 






-.462 






.206 






-.330 




- 


.290 






-.659 




- 


.030 






-.300 






.180 






-.300 






.049 






-.566 




- 


.240 








Table 9 








Rotated 


(Vai i max) 


Factor Matr 


i x Alph 


a Procedure 






Communal i t ies {Case Two) 




! I! 






.639 






.723 






.574 






.376 






.512 






.515 






.484 






.147 






.060 






.435 






.478 






.454 






.345 






.060 






.262 






.161 






.271 






.552 
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Table 10 
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R,rw Factor Matrix Uniqueness Rescaling Procedure 
Communal i t ies (Case Two) 



i 


i : 


1 i ! 


IV 


V 


VI 


VI 1 


VI 1 1 


i v. 


.395 


.017 


.007 


-.008 


-.003 


.00! 


.003 


-.600 


,0 CO 


.629 


-.374 


-.048 


1 16 


.100 


.236 


.007 


-.035 


. C d : 


.739 


-.160 


.069 


.391 


.005 - 


.000 


-.005 


-.001 


.C04 


.454 


-.179 


.279 


-.118 


.168 - 


.199 


-.215 


-.041 


.006 


.352 


.110 


-.220 


.057 


-.140 


.143 


-.345 


,036 




.619 


-.312 


-.222 


-.062 


-.214 


.169 


.016 


-.033 


. 0 2 0 


.254 


-.213 


.071 


-.068 


.047 - 


.043 


-.003 


.025 


-.356 


.283 


-.124 


.009 


-.040 


.019 


.025 


.009 


.424 


. G-.l 


. 566 


.049 


-.388 


.064 


.266 - 


.094 


-.002 


-.003 


- • GCo 










Table 
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Rotated 


vVarimax) Factor Ma tr i x Un i queness Rescaling Procedure 








Communa 1 i c i es 


(Cas 


^ Two) 






l 


1 1 


l i 1 


IV 


V 


VI 


VI 1 


V 3 1 1 


. v 


.453 


.401 


.360 


.289 


.323 


.2/77 


.229 


.198 


.372 


.208 


• 1 97 


.218 


.224 


.140 


.585 


.173 


.218 


. OjL) 


.680 


.237 


.226 


.191 


.196 


.179 


.164 


.161 


.OS) 


.136 


.085 


.602 


.098 


.039 


.114 


.1)3 


.156 


.022 


.095 


.130 


.033 


.083 


.556 


.062 


.055 


.019 


.013 


.199 


.222 


.163 


.603 


.178 


.198 


.161 


.180 


.034 


.069 


.043 


.106 


.073 


.018 


.077 


.073 


.463 


.01 3 


.074 


.069 


.032 


.070 


.053 


.067 


.495 


.076 


.Go 


.176 


.653 


.101 


.158 


.210 


.128 


.114 


.080 


.025 










Table 
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Raw Component 


Matrix 


Imaqe Procedure 


COiTmunal i 


ties (C 


ase T\: 6; 


1 


; l 


1 1 i 


IV 


V 


VI 


VI 1 


VI 1 1 


IX 


.990 


.0 2 


.004 


-.005 


-.002 


.001 


.002 


-.00 0 


-.000 


.626 


-.233 


-.032 


-.073 


.053 


.120 


.003 


-.016 


.0:6 


.736 


m 


.045 


.247 


.003 - 


.000 


-.002 


-.001 


.co,» 


.452 


-.124 


. 182 


-,0?4 


.089 - 


.101 


-.099 


-.019 


.026 


.351 


. 076 


-.143 


.036 


-.075 


.073 


-.159 


.016 


-.016 


.616 


-.2)5 


-.1*5 


-.039 


-.114 - 


.086 


.007 


-.015 


.c; ; 


.253 


-.15) 


. 046 


-.0^3 


.025 - 


.022 


-.001 


.01 1 


- * j 


.282 


-.Of 6 


. OGo 


-.026 


.010 


.013 


.004 


.193 


• 0 1 / 


.583 


.0p4 


-.253 


.040 


.142 


.048 


-.001 


-.001 


-.002 
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li 



Table 13 







Rota tec 1 


(Varimax) 


Component Matrix 


Image Procedure 










Communal i t ies 


(Case Tv;o) 






1 


1 i 


! i t 


IV 


V 


VI 


V) I 


VI 1 1 


!>: 


.523 


.437 


.330 


.328 


.318 


.314 


.178 


.131 


.213 


.259 


.251 


. 346 


.182 


.237 


.154 


.167 


.302 


• 0 i 7 


.354 


. 2£ 2 


.268 


.208 


.234 


.461 


.128 


.08? 


.003 


.;i7 


.417 


.225 


089 


.157 


.098 


.068 


.050 


.003 


.356 


. 063 


.066 


.079 


.087 


.062 


. 049 


.033 


.OCX 


.307 


.194 


.293 


.197 


.224 


.146 


.357 


.098 


• . O 


.060 


.M2 


.279 


.052 


.096 


.054 


.042 


.025 


. 00/ 


. 101 


.009 


.116 


.065 


.285 


.057 


.046 


.031 


* Ou / 


.368 


.148 


.156 


.431 


. 170 


.131 


.105 


.006 


.009 










Table 
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Raw Factor Matrix Alpha Procedure 


Communal 


i t ies 












(Case Three) 














l 






l i 












-.958 






-.133 












-.681 






.094 










, 


-.725 






-.057 












-.463 






.217 












-. 3? r 






-.257 












-,6t . 






-.031 












-.297 






.176 












-.303 






.051 












-.571 


Table 


15 


-.258 










Rotated 


(Var i max) 


Factor 


Matrix Alpha Procedure 










Co/nrrunal (ties 


(Case Three) 












, 






I 1 







.742 
.387 
.528 
.149 
.409 
. 46b 
.089 
.166 
.575 



.621 
.568 
.499 
.489 
. 068 
.468 
.338 
.259 
.250 
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Table \ o 
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Rev; Factor 


Matrix t'rfqueness Rescaling 
Communal i ties (Case Three) 


Procedure 


i 11 111 


-.397 


.017 


-.014 


- . 630 


-.105 


.065 


-.758 


.010 


-.091 


-,k6$ 


-.216 


-.006 


-.356 


.226 


-.018 


- ,656 


-.Oil 


.090 


-.231 


-.193 


.058 


-.303 


.077 


.047 




. 189 


.052 




Table 17 




Rotated (Varirax) 


Factor Matrix Uniqueness Resca) inq Procedure 




Ccnnunal i ties (Case Three) 





I 1 I I 1 



.f 61 


.598 


.110 


.412 


.537 


.014 


.>22 


.498 


.172 


. 1 86 


.466 


.129 


.4)4 


.081 


-.007 


.470 


.466 


-.017 


.072 


.338 


-.015 


.168 


.267 


.009 


.585 


.276 


.022 




Table 18 






Raw Component Matrix Image 


Procedure 



Corr^iu naU t tes (Case Three) 



1 


1 1 


1 1 ( 




-.840 


.007 


-.003 




-.623 


-.046 


.015 




-.709 


.004 


-.020 




-.436 


-.095 


-.015 




-.333 


.099 


.004 




-.614 


-.005 


.020 




-.263 


-.085 


.013 




-.263 


-.034 


.010 




-.561 


.083 


.007 
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Table 19 



Rotated (Varlmax) Component Matrix Image Procedure 
Communal i t i es (Case Three) 



1 


1 1 


1 1 1 


.607 


.580 


.019 


.414 


.468 


-.001 


.511 


.491 


.034 


.246 


• 372 


.025 


.30S 


.161 


.000 


.436 


.432 


-.008 


.129 


.245 


-.006 


.179 


.222 


-.004 


.460 


.332 


.002 
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Appendix B 




lb 



IS 



Least Squares Transformation: 

Raw Pattern (Image) and Joint Occurrence Matrix P n 



A = 

-.840 .007 -.003 
-.623 -.01)6 .015 
-.709 .006 -.020 
-.A36 -.095 -.015 
-.333 . 099 .004 
-.614 -.005 .020 
-.263 -.085 .013 
-.283 -.054 .010 
-.561 .083 -007 

(A'A )' 1 = 

.375 -.178 2.334 
-.178 27.634 -2.253 
2.334 -2.253 642.338 



(A* A) A* = 



-.323 


-.150 


-.313 


-.181 


.133 


-.182 


-.053 


-.677 


-.203 


.350 


-i . 1S4 


.282 


2.514 


2.786 


-.074 


-2.331 


-.912 


2*372 


-3.903 


8.235 -1 


4.511 -1 


0.439 


1 .569 


1 1.425 


7.928 


5.839 


3.00c 


(A'A)-'A'Po 


= T = 






-.706 








-1 ,065 


-.717 


-.792 


-.495 


-.372 


-.372 


-.3.9 




.155 


-.369 


-.003 


-.704 


.602 


-.041 


-.525 


-.186 


.522 


-1 .178 


1 .000 


-.428 . 


-.859 


.220 


1.396 


.472 


.257 


.38. 


AT = P 0 = 
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